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Abstract
We provide a characterization of those morphisms of locales f : L → M for which the direct
image functor f∗ : Sh(L)→ Sh(M) is exact.
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0. Introduction
The ultraproduct functor
∏
U : SetI → Set, for I a set and U an ultraﬁlter on I, can be
recovered (up to isomorphism) as the composition
SetI −−→ Sh(I) ∗−−→ Sh(I ) U
∗
−−→Set,
where I is considered as a discrete topological space, I is its Stone– ˇCech compactiﬁcation,
 : I → I is the usual embedding, and U : 1 → I is the map whose image is the
ultraﬁlter U. By Łos’s theorem (see [3]), the ultraproduct functor preserves models for
pretopos (or for regular or exact categories). Sincewe are talking about categories of sheaves,
this is equivalent to the condition that the ultraproduct functor preserves ﬁnite sums and
epimorphisms. What makes Łos’s theorem work in this context is that ∗ is exact. This
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sufﬁces since U∗ is exact as well (as is the case for every f ∗). So the question arises
naturally: for which continuous functions f : X → Y is the induced functor f∗ : Sh(X)→
Sh(Y ) exact? These functions were characterized by Marmolejo in his Ph.D. thesis under
the guidance of Paré [4].
The characterization of these morphisms was extended to locales in Merino’s bachelor
degree thesis [5], under the guidance of Marmolejo. This characterization clearly subsumes
that of continuous functions between topological spaces. Thus, we just present the charac-
terization obtained for morphisms of locales.
Clearly, it would be desirable to extend these results further to functors between sites.
Our basic references for locales and sheaves over topological spaces and over locales are
[1,2,6,7].
1. Notation and examples
Given a morphism f : L→ M of locales, we denote by f ∗ : M → L its corresponding
frame homomorphism, and by f∗ : Sh(L) → Sh(M) the induced direct image functor in
sheaves.As we said in the introduction, we are interested in characterizing those f for which
f∗ is exact. Since we are talking about sheaves and f∗ has a left adjoint, this is the same
thing as showing that f∗ preserves ﬁnite sums and epimorphism. A few examples in which
this is the case are the following:
(a) A morphism f : X → Y between topological spaces induces an exact f∗ if and only if
the induced morphism (f ) : (X)→ (Y ) does.
(b) If L is a locale in which 0 is prime (a∧ b= 0 implies a= 0 or b= 0), the corresponding
locale map f : 2 → L (f ∗a = 1 if and only if a > 0) has exact direct image functor
f∗ : Set→ Sh(L). For any set A, f∗(A) has component A at each a > 0 in L.
(c) Givenmorphismsof locales k : L→ M andh : M → Lwithh∗k∗ idM and idLk∗h∗,
we have that h∗k∗. This means that h∗ : Sh(M)→ Sh(L) is exact.
(d) We see that (c) is satisﬁed for example C3.6.3 in [7]: If X and Y are sober spaces and
f : X → Y is a surjective continuous function such that for every point y ∈ Y , the ﬁber
f−1(y) has a focal point c(y) (a point whose only neighborhood is the whole f−1(y)),
and the function y → c(y) is continuous Y → X, then f∗ is exact: just take h=(f )
and k = (c).
(e) We can similarly deal with the unique morphism f : L→ 2 with L a local locale (one
in which the top element is inaccessible by arbitrary joins). In this case we can take
g : 2 → L such that g∗() = 0 for all  	= 1. Then g∗f ∗ = id2 and f ∗g∗ idL, thus
f∗g∗.
(f) For an embedding f : L→ M for which rf ∗ is a frame morphism with r right adjoint
to f ∗, and in the presence of the axiom of choice, we have the same situation. Clearly
idMrf ∗ and f ∗r idL, so all we have to do is show that r is a frame morphism.
But r(0)= rf ∗(0)= 0. Now, given a non-empty family 〈i〉i of elements of L, we can
choose mi such that f ∗mi = i since f ∗ is surjective. Then r(∨i i)= r(∨i f ∗mi)=
rf ∗(
∨
i mi)=
∨
i rf
∗mi =∨i ri .
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(g) We can proceed similarly with the counit M : pt(M)→ M of the adjunction pt,
provided we assume M is dense. If r is the right adjoint to ∗M , then ∗Mr(0)0 and
density of M implies that r(0) = 0. Choice is not needed in this case since for every
element in pt(M) there is a greatest element that deﬁnes it.
2. Main theorem and applications
The main theorem of this article is:
Theorem 2.1. Let f : L → M be a locale morphism. The induced functor f∗ : Sh(L) →
Sh(M) is exact if and only if
(1) f is dense.
(2) For every m ∈ M and every covering f ∗(m)=∨i i , there are coverings m=∨j mj
and f ∗(mj )=∨i vij such that for every i ∈ I , viji and if i 	= i′ then vij ∧ vi′j = 0.
(3) For every m ∈ M , 1, 2 ∈ L such that f ∗(m) = 1 ∨ 2 and 1 ∧ 2 = 0, there are
m1,m2 ∈ M such that f ∗(m1)= 1, f ∗(m2)= 2 and m=m1 ∨m2.
We have the following applications.
Deﬁnition 2.2. We say that joins in a locale L can be disjointed if for every =∨i i in L
there is a 〈xi〉i in L such that xii , xi ∧ xj = 0 if i 	= j , and =
∨
i xi .
Corollary 2.3. Assume L is a locale in which joins can be disjointed. The morphism of
locales f : L → Idl(L), where f ∗(J ) = ∨ J , induces an exact direct image functor in
sheaves.
Proof. Clearly, f is dense. If f ∗J =∨i i , by taking the trivial covering J = J and the
result of applying the hypothesis to the join ∨i i , we obtain condition 2 of the theorem.
Furthermore, condition 3 of the theorem is a consequence of the fact that the right adjoint
to f ∗, ↓ : L→ Idl(L), preserves ∨. 
Alternatively, one can show that f∗ : Sh(L) → Sh(Idl(L)) preserves epimorphisms
(equivalent to condition 2 in the theorem, as shown below, Proposition 3.2), by showing that
the disjointability of joins implies that epimorphisms in Sh(L) have surjective components
(not only locally so).
In the presence of the axiom of choice, in every complete atomic boolean algebra L joins
can be disjointed. Thus f : L → Idl(L) induces an exact direct image functor in sheaves.
Idl(L) is the localic Stone– ˇCech compactiﬁcation of L, see Lemma III 2.1 in [6].
Given a discrete topological space I, we can consider its Stone– ˇCech compactiﬁcation
I as a topological space. On the other hand, we can consider the localic Stone– ˇCech
compactiﬁcation Idl(PI ) of the complete boolean algebra of the power set of I. We have
Idl(PI )  (I ) using the prime ideal theorem. As a particular case, we have that the
usual embedding  : I → I induces an exact direct image functor.
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Wecan also obtain, as an easy consequence, the theorem for continuous functions between
topological spaces as it appeared in [4].
Theorem 2.4. Let f : X → Y be a continuous function between topological spaces. The
induced functor f∗ : Sh(X)→ Sh(Y ) preserves epimorphisms and ﬁnite sums if and only
if it satisﬁes the following conditions:
(1) f (X) is dense in Y.
(2) For every open V ⊆ Y , every y ∈ V and every open cover {U}∈A of f−1(V ), there
exist an open W ⊂ Y , with y ∈ W , and an open disjoint cover {W}∈A of f−1(W)
such thatW ⊆ U for every  ∈ A.
(3) For every open V ⊆ Y and every y ∈ V , if f−1(V ) = U1 ∪ U2 with U1, U2 disjoint
open sets of X, then there exists an open W ⊆ Y with y ∈ W such that f−1(W) ⊆ U1
or f−1(W) ⊆ U2.
3. Proof of the theorem
The easiest part is empty sums:
Lemma 3.1. Let f : L → M be a locale morphism. The induced direct image functor
f∗ : Sh(L)→ Sh(M) preserves initial object if and only if f is dense.
We move on to the preservation of epimorphisms.
Assume we have =∨i∈I i in L. Deﬁne the following presheaf S: for any u ∈ L,
S(u)=
{
〈ui〉i∈I |u=
∨
i∈I
ui, uii for all i ∈ I and ui ∧ ui′ = 0 if i 	= i′
}
,
and if vu, deﬁne 〈ui〉i∈I |v = 〈ui ∧ v〉i∈I . It is not hard to see that S is actually a sheaf.
Observe that in the spatial case, forW =⋃i∈I Wi in X (X a topological space), S corre-
sponds to the sheaf of local sections of the map
∐
i∈IWi → X. On the other hand, consider
the subsheaf T of the terminal object of Sh(L) determined by , that is to say, T (u)= 1 if
u and T (u)= ∅ if not.
If S(u) 	= ∅, then u. This means that there is (exactly) one morphism  : S → T ,
and it turns out to be an epimorphism in Sh(L). Indeed, if T (u) = 1, then u. Thus
u=∨i∈I (u ∧ i). For any j ∈ I we see that 〈wi〉i∈I deﬁned by wj = u ∧ j and wi = 0
if i 	= j is an element of S(u∧ j ). This means that  is locally surjective, that is to say, it
is an epimorphism in Sh(L). We use these constructions in the proof of:
Proposition 3.2. Letf : L→ M bea localemorphism.The induced functorf∗ : Sh(L)→
Sh(M) preserves epimorphisms if and only if for everym ∈ M and every covering f ∗(m)=∨
i i , there are coveringsm=
∨
j mj , f
∗(mj )=∨i vij such that for every i, viji and
if i 	= i′, then vij ∧ vi′j = 0.
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Proof. Assume f∗ : Sh(L)→ Sh(M) preserves epimorphisms. Let m ∈ M and f ∗(m)=∨
i i . Let S and T be the sheaves determined by f ∗(m) and the covering
∨
i i , as deﬁned
before the statement of the proposition, and let  : S → T be the corresponding epimor-
phism.We then have that f∗() is an epimorphism. Since f∗(T )(m)=T (f ∗(m))= 1 there
is a covering m=∨j∈J mj such that for every j ∈ J , S(f ∗(mj ))= f∗(S)(mj ) 	= ∅. That
is to say that for every j there is a covering f ∗(mj )=∨i∈I vij with the required properties.
In the opposite direction, let : F → G be an epimorphism in Sh(L). Let x ∈ G(f ∗(m))
with m ∈ M . Since  is epi, there is a covering f ∗(m)=∨i∈I i such that for every i ∈ I
we have x|i ∈ Imi . By hypothesis, there are coverings m =
∨
j mj , f
∗(mj ) =∨i vij
such that for every i, viji and if i 	= i′, then vij ∧ vi′j = 0. We want to show that
x|f ∗(mj ) ∈ Imf ∗(mj ) for every j ∈ J . Fix j. For every i ∈ I we have that x|vij =x|i |vij ∈
Imvij . We take zi ∈ F(vij ) such that vij (zi)= x|vij . Since F is a sheaf and vij ∧ vi′j = 0
if i 	= i′, there is an amalgamation z of the family 〈zi〉i∈I , that is to say, there is z ∈
F(
∨
i vij ) = F(f ∗(mj )) such that z|vij = zi for every i. Since G is also a sheaf, it is easy
to see that f ∗(mj )(z)= x|f ∗(mj ). We conclude that f∗ : f∗F → f∗G is an epimorphism
in Sh(M). 
For binary sums we will need the following description of the coproduct in categories of
sheaves. Given F,G ∈ Sh(L), the coproduct F ∐G has the following description(
F
∐
G
)
()=
∐
{F(u)×G(v) |u ∨ v = , u ∧ v = 0}.
It is not hard to see that the induced map  : f∗F
∐
f∗G → f∗(F ∐G) is such that for
every a, b ∈ M , such that a ∨ b =m and a ∧ b = 0, the following diagram commutes
( f
*
F      f
*
G)(m) 

a∨b=m
a∧b=0
u∨v = f *m
u∧v = 0
=
=( f
* 
(F      G)) (m) F (u) × G(v).
F ( f *a) × G ( f *b) F ( f *a) × G ( f *b)
m
a,b
f *a, f *b
(1)
Lemma 3.3. If f : L → M is dense and F,G ∈ Sh(L), then the induced map
f∗F
∐
f∗G→ f∗(F ∐G) is a monomorphism.
Proof. Assume m(x, y) = m(x′, y′) with (x, y) ∈ F(f ∗a) × G(f ∗b) and (x′, y′) ∈
F(f ∗a′)×G(f ∗b′). Using the above description of m, we have that f ∗a= f ∗a′, f ∗b=
f ∗b′, x = x′ and y = y′. We have
f ∗(a ∧ b′)= f ∗a ∧ f ∗b′ = f ∗a ∧ f ∗b = f ∗(a ∧ b)= 0
since a ∧ b = 0. Since f is dense, we conclude that a ∧ b′ = 0. Thus a = a ∧ (a ∨ b) =
a ∧ (a′ ∨ b′)= a ∧ a′ since a ∨ b= a′ ∨ b′ =m. Therefore aa′. Symmetrically we have
a′a. Essentially the same proof gives that b = b′. 
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Proposition 3.4. Let f : L → M be a dense morphism of locales. The induced functor
f∗ : Sh(L) → Sh(M) preserves binary sums if and only if for every m ∈ M , 1, 2 ∈ L
with f ∗(m) = 1 ∨ 2 and 1 ∧ 2 = 0, there are m1,m2 ∈ M such that f ∗(m1) = 1,
f ∗(m2)= 2, and m=m1 ∨m2.
Proof. Assume f∗ preserves binary sums. Let m ∈ M and 1, 2 ∈ L such that f ∗(m) =
1 ∨ 2 and 1 ∧ 2 = 0. Let S ∈ Sh(L) be deﬁned by S(u)= ↓ (u ∧ 1), and if vu
the restriction map S(u) → S(v) be x → x ∧ v. Deﬁne T similarly but using 2, that is,
T (u)= ↓ (u∧2). Let : f∗S∐ f∗T → f∗(S∐ T ) be the induced isomorphism. Observe
that (1, 2) ∈ S(1)× T (2) is an element in f∗(S∐ T )(m). Using the description given
in (1), we can ﬁnd m1,m2 ∈ M such that m1 ∨m2 =m and f ∗m1 = 1 and f ∗m2 = 2.
Conversely, let F,G ∈ Sh(L) and let  : f∗F ∐ f∗G→ f∗(F ∐G). Since f is dense,
 is a monomorphism according to 3.3. The condition given is easily shown to be equivalent
to m surjective for every m ∈ M . Therefore  is an isomorphism. 
One can almost copy word for word the proof for preservation of ﬁnite sums, giving a
similar description of the coproduct in categories of sheaves, to show:
Theorem 3.5. Let f : L → M be a dense morphism of locales. The induced functor
f∗ : Sh(L) → Sh(M) preserves sums if and only if for every m ∈ M , and every dis-
joint cover f ∗(m)=∨i i in L, there is a coverm=∨i mi in M such that f ∗(mi)= i for
every i.
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